Rules for integrands of the form (g + hx)™ (a+bx + cx?)? (d + ex + fx?)1

1.J}g+hxﬂ(a+bx+cxﬂp(d+ex+fxﬂqummencd—af:@/\bd—ae:@

1:J}g+hxﬂ(a+bx+cxﬂp(d+ex+fxﬂquvmencd—af=e/\bd-ae:@;\(peZV §>@

Derivation: Algebraic simplification

Basis:if cd-af=0Abd-ae=0A (pezV $>0),then (a+bx+cx?)?= ()7 (d+ex+Ffx?)°

r

Rule12.16.1.1:ff cd-af=0 Abd-ae=0 A (pez Vv ¢ >0),then

J}g+hxﬂ(a+bx+cxﬂp(d+ex+fxﬂqu—a(E)pjkg+hxﬂ(d+ex+fxﬂpmdx

Program code:

Int [ (8_.+h_.*¥x_)™m_.%(a_+b_.*X_+C_.*X_"2)"p_= (d_+e_. *X_+f_. *x_"Z) "q_,x_Symbol] =
(c/F) "p+Int[ (g+hxx) *m« (d+exx+fx 2) " (p+q) ,x]| /;

FreeQ[{a,b,c,d,e,f,g,h,p,q},x] & EqQ[cxd-a+f,0] && EqQ[bxd-axe,0] & (IntegerQ[p] || GtQ[c/f,0]) &&
(Not[IntegerQ[q]] || LeafCount[d+exx+f»x"2]sLeafCount[a+bxx+cx"2])



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

2: J(g+hx)'"(a+bx+cx2)p(d+ex+fx2)qd1x whencd-af=0 Abd-ae=0 ApP¢EZ AQqQeEZ A - (%>0)

Derivation: Piecewise constant extraction

Basis:If cd-af ==0 A bd-ae = 0,thens <X’ g

(d+e x+fx?)P

Rule1.2.1.6.1.2:ff cd-af=0 Abd-ae=0ApeZ Aqe¢Z A~ ($>0),then

aIntPart[p] (a +bx+cC XZ) FracPart[p]

J(g+hx)m (a+bx+cx?)? (d+rex+fx*)Tdx — (g+hx)" (d+ex+fx?)P Y dx

dIntPart[p] (d rex+f xz) FracPart[p]

Program code:

Int[(g_.+h_.#x_ ) m_.% (a_+b_.#x_+C_.*x_"2)"p_x (d_+e_.xx_+f_.#x_"2)~q_,x_Symbol] :=
a~IntPart[p]+ (a+bxx+cxx"2) ~FracPart[p]/(d*IntPart [p]+ (d+exx+fxx"2) AFracPart[p])+Int[ (g+hxx)"m (d+exx+f+x"2)~ (p+q),x]| /;
FreeQ[{a,b,c,d,e,f,g,h,p,q},x] & EqQ[cxd-af,0] && EqQ[bxd-axe,0] && Not[IntegerQ[p]] & Not[IntegerQ[q]] & Not[GtQ[c/f,0]]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

2: J(g+hx)"‘ (a+bx+cx?)? (d+ex+fx*)?dx whenb?-4ac=

Derivation: Piecewise constant extraction

+ + 2)P
Basis: If b%> — 4 a ¢ == 0, then 9, [arbxeex)” g

(b+2 ¢ x) 2P

Rule 1.2.1.6.2: If b> -4 a c == 0, then

FracP
(a+bx+cx?) e art(pl

J-(g+hx)m (a+bx+cx?)? (d+ex+fx*)¥dx — J(g+hx)’“ (b+2cx)?P (d+ex+fx*)%dx

(4 C) IntPart[p] (b +2¢C X) 2 FracPart[p]

Program code:

Int[(g_.+h_.#X_ ) M_.% (a_+b_.*X_+C_.*x_"2)"p_x (d_+e_.*x_+f_.+x_"2)"q_,x_Symbol] :=
(a+bsx+c*x2) "FracPart [p] / ( (4xc) ~IntPart [p] » (b+2#cxX)~ (2xFracPart[p])) +Int [ (g+h*x) *mx (b+2xCxX) ~ (2+p) * (d+exx+Fxx 2) ~q,x]| /;
FreeQ[{a,b,c,d,e,f,g,h,m,p,q},x] & EqQ[b"2-4+axc,O]

Int[(g_.+h_.#x_ ) M_.% (a_+b_.#X_+C_.*x_"2)"p_x (d_+f_.*x_"2)"q_,x_Symbol] :=
(a+bxx+c*x2) ~FracPart [p] / ( (4xc) ~IntPart [p] » (b+2xc#X) ~ (2xFracPart[p])) «+Int [ (g+hx) "mx (b+2xc*x) " (2#p) * (d+Fx"2)~q,x] /;
FreeQ[{a,b,c,d,f,g,h,m,p,q},x]| && EqQ[b"2-4xaxc,0]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

3: J(g+hx)m(a+bx+cx2)p (d+ex+fx*)%dx whencg?-bgh+ah?=0 A c?dg’-acegh+a’fh’=0 Aq=mAmez

Derivation: Algebraic simplification

Basis:If cg”?-bgh+ah®=0 A c’dg’-acegh+a®fh®=0,then (g+hx) (d+ex+Fx?) = (L+ %) (arbx+cx?)

a C

Rule1.2.1.6.3:1f cg?-bgh+ah?=0 A c?dg?-acegh+a?fh?=0 A gq==m A me Z,then

fhx

d m
J.(g+hx)'“(a+bx+cx2)p(d+ex+fx2)qdlx—>j[—g+ ] (a+bx+cx?)™Pdx
a

C

Program code:

Int[(g_+h_.*X_)"M_.% (a_+b_.*X_+C_.#x_"2)"p_* (d_.+e_.*x_+f_.*x_"2) m_.,x_Symbol] :=
Int[ (dxg/a+fxhxx/c) mx (a+bxx+c*x"2) ~ (m+p) ,Xx]| /3
FreeQ[{a,b,c,d,e,f,g,h,p},x]| && EqQ[cxg*2-bxgxh+axh"2,0] & EqQ[c 2xd+g"2-axcxexgxh+a”2+fxh"2,0]| && IntegerQ[m]

Int[(g_+h_.*X_)"M_.x (a_+C_.*x_"2)"p_x (d_.+e_.*x_+f_.xx_"2)"m_.,x_Symbol] :=
Int[ (dxg/a+fxhxx/c) m« (a+cxx”2) ~ (m+p) ,x] /3
FreeQ[{a,c,d,e,f,g,h,p},x] & EqQ[c*g"2+axh"2,0] && EqQ[c 2xdxg 2-axcxexgxh+a”2xfxh"2,0] && IntegerQ[m]

Int[(g_+h_.*X_)™M_.% (a_+b_.*X_+C_.#x_"2)"p_# (d_.+f_.*x_"2)"m_.,x_Symbol] :=
Int [ (dxg/a+fxhsx/c) mx (a+bxx+cxx"2)~ (m+p),Xx] /;
FreeQ[{a,b,c,d,f,g,h,p},x] & EqQ[c*g"2-bxgxh+axh"2,0] & EqQ[c"2xd+g"2+a"2+fxh"2,0] && IntegerQ[m]

Int[(g_+h_.*Xx_)"M_.% (a_+C_.*Xx_"2)"p_x (d_.+f_.*x_"2)"m_.,x_Symbol] :=
Int[ (dxg/a+fxhsx/c) mx (a+cxx2) ~ (m+p) ,x] /3
FreeQ[{a,c,d,f,g,h,p},x] & EqQ[cxg2+axh"2,0] && EqQ[c 2xdxg"2+a~2+fxh~2,0] && IntegerQ[m]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

X. J(g+hx)m(a+bx+cx2)p (d+ex+fx*)%dx whenb>-4ac#0 A e*’-4df#0 A cg’-bgh+ah’=0

1: J(g+hx)’“(a+bx+cx2)p(d+ex+fx2)qdlx whencg?-bgh+ah?=0 A pez

Derivation: Algebraic simplification

Basis:If cg?-bgh+ah?=0,thena+bx+cx?= (g+hx) (§+%)
Rule1.2.1.6.x.1:If cgZ2-bgh+ah? =0 A p €7, then
J(g+hx)m(a+bx+cx2)p(d+ex+fx2)qdlx—» J(g+hx)’“*p[§+%]p(d+ex+fxz)qdlx

Program code:

(% INt[(g_+h_.*X_) Mm_.%(a_.+b_.*X_+C_.*x_"2)"p_(d_.+e_.*x_+f_.#x_"2)"q_,x_Symbol] :=
Int [ (g+h#x)~ (m+p) x (a/g+C/hxx) ~px (d+exx+Fxx"2)~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,q},x]| && EqQ[cxg"2-bxgxh+axh"2,0] && IntegerQ[p] =)

(* Int [ (8_+h_.*x_)™m_.* (a_+C_.*X_"2)"p_=* (d_. +e_. *x_+'F_.*X_"2) "q_,x_Symbol] 8=
Int[ (g+h*x) " (m+p) « (a/g+c/hxx) px (d+exx+Ffxx"2)~q,x] /;
FreeQ[{a,c,d,e,f,g,h,m,q},x] && NeQ[e~2-4xd+f,0] && EqQ[cxg 2+axh~2,0] && IntegerQ[p] *)

(% INt[(g_+h_.*X_) m_.# (a_.+b_.*X_+C_.#x_"2)"p_ (d_.+f_.*x_"2)"q_,x_Symbol] :=
Int[ (g+h*x)~ (m+p) * (a/g+C/hxx) *px (d+F*x"2) ~q,x] /3
FreeQ[{a,b,c,d,f,g,h,m,q},x]| && NeQ[b"2-4xaxc,0] && EqQ[cxg"2-bxgxh+axh"2,0] && IntegerQ[p] =)

(* Int[(g_+h_.*x_)"m_.*(a_+c_.*x_"2)"p_* (d_.+'F_.*x_"2)"q_,x_Symbol] 5=
Int[ (g+hxx) "~ (m+p) * (a/g+C/hxx) "px (d+F*x~2) *q,x] /;
FreeQ[{a,c,d,f,g,h,m,q},x] && EqQ[c*g"2+axh~2,0] 8&& IntegerQ[p] *)



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

2: j(g+hx)’“(a+bx+cxz)p(d+ex+fx2)qd1x whencg?-bgh+ah?=0 Ap¢z

Derivation: Piecewise constant extraction

HP. 2 2 __ .
Basis: If c g2 - b gh + ah? == 0, then oy )P (2P

Rule1.2.1.6.x.2:If cg?-bgh+ah?=0 A p ¢ Z,then

FracPart[p] cx

a P
j(g+hx)m*p[—+—] (d+ex+fx?)%dx
FracPart[p] g h

(a+bx+cx2)

(g+hx)" (a+bx+cx?)? (d+ex+fx*)%dx —
(g+hX) FracPart[p] (1 + ﬂ)
g h

Program code:

(* Int[(g_+h_.#X_ ) M_.% (a_.+b_.#X_+C_.*Xx_"2)"p_* (d_.+e_.#x_+f_.*x_"2)~q_,x_Symbol] :=
(a+bsx+c*x2) ~FracPart [p] / ( (g+hxx) ~FracPart[p]« (a/g+ (cxx) /h) "FracPart [p]) »Int[ (g+hxX) ~ (m+p) » (a/g+C/h*X) "px (d+exx+f*x"2)q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,q},x]| && EqQ[cxg"2-bxgxh+axh"2,0] & Not[IntegerQ[p]] =)

(* Int[ (g_+h_.#x_)™m_.% (a_+c_.*x_"2)"p_s (d_.+e_.*x_+f_.*x_"2)*q_,x_Symbol] :=
(a+cxx”2) *FracPart [p]/ ( (g+hxx) ~"FracPart[p] (a/g+ (cxx) /h) *FracPart[p]) *Int [ (g+hxx) ~ (m+p) * (a/g+c/hxx) *p* (d+e*x+-F*x"2) "q,x] /5
FreeQ[{a,c,d,e,f,g,h,m,q},x]| && NeQ[e”2-4xd«f,0]| && EqQ[cxg*2+axh~2,0] && Not[IntegerQ[p]] =)

(* Int [ (8_+h_.*x_)™m_.%(a_.+b_.*Xx_+C_.*X_"2)"p_=* (d_. +'F_.*x_"2) "q_,x_Symbol] =
(a+bxx+c*x2) ~FracPart [p] / ( (g+hxx) ~FracPart[p]« (a/g+ (c*x) /h) “FracPart [p]) xInt[ (g+h+X) ~ (m+p) » (a/g+C/h#X) "px (d+Ff*x"2) ~q,x] /;
FreeQ[{a,b,c,d,f,g,h,m,q},x]| && NeQ[b*2-4xaxc,0] && EqQ[cxg 2-bxgxh+axh"2,0] & Not[IntegerQ[p]] x)

(* Int[(g_+h_.*x_)"m_.#(a_+c_.#x_"2)"p_»(d_.+f_.#x_"2)"q_,x_Symbol] :=
(a+c#x”2) *FracPart[p]/ ((g+hx)“FracPart[p]«(a/g+(c*x) /h)~FracPart[p]) »Int[ (g+hxx) " (m+p) « (a/g+c/hxx) *px (d+F*x"2)*q,x]| /;
FreeQ[{a,c,d,f,g,h,m,q},x] & EqQ[c*g"2+axh~2,0] && Not[IntegerQ[p]] *)



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

4: Jx" (a+bx+cx?)? (ex+fx?)%dx whenb?-4ac#0 A ce’-bef+af’=0Apez

Derivation: Algebraic simplification
Basis:If ce?-bef+af? = 9, then x (a+bx+cx?) = (§+ %x) (ex+fx?)
Rule1.2.1.6.4:1f b2-4ac+0 A ce’-bef+af?=0 A pez,then

pr (a+bx+cx2)p (ex+-Fx2)qd]x — J(E+%x)p (ex+fx2)p+qdlx
e

Program code:

Int [x_"p_* (a_.+b_.*¥x_+C_.*x_"2)"p_= (e_. *X_+F_. *X_"2) "q_,x_Symbol] =
Int[ (a/e+c/Fxx) px (exx+fxx"2) " (p+q),Xx] /;
FreeQ[{a,b,c,e,f,q},x] && NeQ[b"2-4xaxc,0] && EqQ[cxe”2-bxexf+axf"2,0] && IntegerQ[p]

Int[x_"p_*(a_+C_.*x_"2)"p_x (e_.*x_+f_.+x_"2)"q_,x_Symbol] :=
Int [ (a/e+c/~F*x) Apx (e*x+f*x"2) A (p+q) ,x] /3
FreeQ[{a,c,e,f,q},x]| && EqQ[cxe~2+axf~2,0] && IntegerQ[p]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

6. j(g+hx) (a+bx+cx?)? (d+ex+fx*)dx when b2-4ac#@ Ae’-4df#0

1. J(g+hx) (a+cx?)? (d+fx*)%dx

g+hx
1.j dx whencd+3af=0 A cg?+9ah?=
(a+cx2)1/3 (d+fx?)

g+hx
1:J dx whencd+3af=0 A cg?+9ah?==0 A a>0
(a+cx2)1/3 (d+fx?)

Derived from formula for this class of Goursat pseudo-elliptic integrands contributed by Martin Welz on 19 August
2016
Rule1.2.1.6.6.1.1.1:If cd+3af=0 A cg?+9ah?=0 A a > 0,then
g+hx dx —
(a+cx2)1/3 (d+Fx2)

22/3 (1_3hx) /3

-
\/?hArcTan[vs_ v3_(1+“TX)1,3] hLog[d+-Fx2] 3hLog[(1—%)2/3+21/3 (1+32_X)1/3]
22/3 a1/3 f * 25/3 a:l/3 f - 25/3 a1/3 £

Program code:

Int [ (g_+h_.*x_)/( (a_+C_.*X_"2)"(1/3) (d_+'F_.*x_"2) ) ,X_Symbol] 2=
Sqrt[3] xh»ArcTan [1/Sqrt[3]-27(2/3) * (1-3xhxx/g) ~ (2/3) / (Sqrt [3] + (1+3xhxx/g) ~(1/3)) 1/ (27 (2/3) xa~ (1/3) +f) +
hxLog[d+fxx"2] /(27 (5/3) xa” (1/3) +f) -
3*h*Log[(1—3*h*x/g)"(2/3)+2"(1/3)*(1+3*h*x/g)"(1/3)]/(2"(5/3)*a"(1/3)*f) /3

FreeQ[{a,c,d,f,g,h},x] && EqQ[cxd+3xa*f,0] && EqQ[cxg"2+9xaxh~2,0] && GtQ[a,O]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

g+hx
Z:J. dx whencd+3af=0 A cg?+9ah?==0 A a30
(a+cx2)1/3 (d+Fx2)

Derivation: Piecewise constant extraction

o2\ 13
Basis: axjiT—)— -

(a+cx2)1/3
© Rule1.2.166.1.1.2:fcd+3af=0 A cg’+9ah?=0 A a»0,then
J g+hx i (1+%)1/3J g+hx dx
(a+cx2)1/3 (d+fx?) (a+cx2)1/3 (1+cai)1/3 (d+-Fx2)

Program code:

Int [ (g_+h_. *x_)/( (a_+C_.*X_"2)"(1/3) * (d_+'F_. *x_"2) ) ,X_Symbol] 2=
(1+c#x~2/a) "~ (1/3) / (a+cxx”2) ~ (1/3) »Int [ (g+h#x) /((1+cxx"2/a)~ (1/3) » (d+F*x2) ) ,x] /;
FreeQ[{a,c,d,f,g,h},x] && EqQ[cxd+3xa*f,0] && EqQ[cxg"2+9Ixaxh~2,0] && Not[GtQ[a,0]]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

2: J(g+hx) (a+cx?)P? (d+Fx?)Tdx

Derivation: Algebraic expansion

Rule1.2.1.6.6.1.2:

J(g+hx) (a+cx?)? (d+Fx?)Tdx — gJ(a+cx2)p (d+fx2)qd1x+hjx (a+cx?)? (d+Fx?)dx

Program code:

Int[(g_+h_.*Xx_)*(a_+c_.*x_"2)"p_x (d_+f_.*x_"2)"q_,x_Symbol] :=
grInt[ (a+cxx"2) Apx (d+Ffex 2)"q,x] + hxInt[xx (a+cxx"2) px (d+fxx"2)"q,x] /;
FreeQ[{a,c,d,f,g,h,p,q},x]

2: J‘(a+bx+cx2)p(d+ex+1:x2)':I (g+hx) dx whenb?-4ac#0 A e?-4df#0 ApeZ*A qeZ

Derivation: Algebraic expansion

Rule1.2.1.6.6.2:1f b>-4ac+0 A e*-4df+0 A peZ'A qeZthen

J(a+bx+cx2)p (d+ex+fx2)q (g+hx) dx —

JExpandIntegr‘and [(a+bx+cx?)’? (d+ex+fx*)? (g+hx), x] dx

Program code:

Int[ (a_+b_.*x_+C_.#x_"2)"p_* (d_+e_.*x_+f_.*x_"2)"q_ (g_.+h_.*x_) ,x_Symbol] :=
Int[ExpandIntegrand [ (a+bx+cxXx"2) ~p* (d+exx+Fxx"2)~qx (g+h*x) ,x],x]| /3
FreeQ[{a,b,c,d,e,f,g,h},x]| & NeQ[b*2-4xa+c,0] & NeQ[e~2-4xd+f,0] && IGtQ[p,0] && IntegerQ[q]

10



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q
Int[ (a_+c_.*x_"2)"p_ (d_+e_.#x_+f_.*x_"2)"q_x (g_.+h_.*x_),x_Symbol] :=

Int[ExpandIntegrand [ (a+c*x"2) "px (d+exx+f*x"2)~q* (g+hxx) ,x]|,x] /;
FreeQ[{a,c,d,e,f,g,h},x] & NeQ[e"2-4+d«f,0] & IntegersQ[p,q] & (GtQ[p,0] || GtQ[q,0@])

3 J‘(a+bx+cx2)p(d+ex+1‘=x2)q (g+hx)dx whenb?-4ac#0 A e2-4df#0 A p<-1

1: J.(a+bx+cx2)p(d+ex+-Fx2)q (g+hx) dx whenb?-4ac#0 A e2-4df#0 Ap<-1AQq>0

Derivation: Nondegenerate biquadratic recurrence 1

 Rule12.1.663.1:1f b>-4ac +O0ANe’-4df+0 Ap<-1Aq>0,then
J(a+bx+cx2)p(d+ex+fx2)q(g+hx)d1x—>

(gbc-2ahc-c(bh-2gc) x) (a+bx+cx2)p":l (d+ex+fx?)?

c (b*-4ac) (p+1)

= ja+bx+cx2)p+1(d+ex+-Fx2)q'1-

(b>-4ac) (p+1)
(eq (gb-2ah) -d (bh-2gc) (2p+3) + (2fq(gb-2ah) -e (bh-2gc) (2p+q+3)) x-f (bh-2gc) (2p+2q+3) x*) dx

Program code:

Int [ (a_+b_.*X_+C_.*¥Xx_"2)"p_=* (d_+e_. *X_+F_. *x_"2) Aq_*(g_.+h_.*x_) ,x_Symbol] g=
(g*b—z*a*h—(b*h-z*g*c)*x)*(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)Aq/((b“2—4*a*c)*(p+1)) -

1/ ((b”2-4xaxc) * (p+1) ) *
Int [ (a+bxXx+Ccxx*2) ~ (p+1) * (d+e*x+-F*x"2) A(g-1) =

Simp [e*q* (gxb-2xaxh) -d* (bxh-2%gxc) * (2%p+3) +
(2*f*q*(g*b—2*a*h)—E*(b*h—Z*g*C)*(Z*p+q+3))*x—

fx (bxh-2xgxc) * (2xp+2%q+3) *X"Z,X] ,X] /8
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && LtQ[p,-1] & GtQ[q,0]

11



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q 12

Int[(a_+C_.*x_"2)"p_x(d_+e_.*x_+f_.*x_"2)~q_x (g_.+h_.+x_),x_Symbol] :=
(axh-gxcxX) * (a+CxX*2) ~ (p+1) * (d+e*x+‘F*x"2) "q/(2*a*C* (p+1)) +
2/ (AxaxCx (p+l) ) *
Int[ (a+Cc*x2) " (p+1) * (d+exx+F*x"2) " (q-1) *
Simp[g*c*d*(z*p+3)—a*(h*e*q)+(g*c*e*(2*p+q+3)—a*(z*h*f*q))*x+g*c*f*(2*p+2*q+3)*xA2,x],x] /5
FreeQ[{a,c,d,e,f,g,h},x] & NeQ[e"2-4xdxf,0] & LtQ[p,-1] && GtQ[q,O]

Int [ (a_+b_.*X_+C_.*Xx_"2)"p_=* (d_+f_. *x_"Z) Aq_*(g_.+h_.%x_) ,X_Symbol] &=
(g*b—Z*a*h—(b*h-Z*g*c)*x)*(a+b*x+C*xA2)A(p+1)*(d+f*x“2)“q/((bA2—4*a*c)*(p+1)) -
1/ ((b”2-4xaxc) * (p+1) ) *
Int[(a+b*x+c*xA2)A(p+1)*(d+f*xA2)A(q—1)*
Simp[—d* (b*h—2*g*c)*(2*p+3)+(2*f*q* (g*b—Z*a*h))*x—'F*(b*h—2*g*c)*(2*p+2*q+3) *X"Z,X],X] /3
FreeQ[{a,b,c,d,f,g,h},x] & NeQ[b"2-4xaxc,0] & LtQ[p,-1] && GtQ[q,O]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

2: J.(a+bx+cx2)”(d+ex+-Fx2)q (g+hx) dx whenb?-4ac#0 A e2-4df#0 Ap<-1AQqQ3$0 A (cd-af)z- (bd-ae) (ce-bf) #0

Derivation: Nondegenerate biquadratic recurrence 3

Rule 1.2.1.6.6.3.2: If

b2-4ac+0Ane’-4df+0Ap<-1AQq+OA (cd-af)?2-(bd-ae) (ce-bf) #0,then
j(a+bx+cx2)p (d+ex+fx*)? (g+hx) dx —

(a+bx+cx2)"”:l (d+ex+-Fx2)q+1

(b -4ac) ((cd—af)z— (bd-ae) (ce-bf)) (p+1) .
(gc (2ace-b(cd+af)) + (gb-ah) (2c?d+b*f-c (be+2af)) +c(g(2c’d+b’f-c(be+2af))-h(bcd-2ace+abf))x) +

! J(a+bx+cx2)p+1 (d+ex+fx2)q-

(b*-4ac) ((cd-af)z- (bd-ae) (ce-bf)) (p+1)
((bh-2gc) ((cd-af)?- (bd-ae) (ce-bf)) (p+1) +
(b>’gf-b(hcd+gce+ahf) +2(gc(cd-af)+ahce)) (af (p+1) -cd (p+2)) -
e(gc(2ace-b(cd+af))+(gb-ah) (2c*d+b’f-c (be+2af))) (p+q+2) -
(2f (gc (2ace-b(cd+af)) + (gb-ah) (2c?d+b’f-c (be+2af))) (p+q+2) -
(b>’gf-b(hcd+gce+ahf)+2(gc(cd-af)+ahce)) (bf(p+1)-ce(2p+q+4))) x-
cf(b’gf-b(hcd+gce+ahf)+2(gc(cd-af)+ahce)) (2p+2q+5) x*) dx

Program code:
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

Int[ (a_+b_.*X_+C_.#x_"2)"p_ (d_+e_.*x_+f_.*Xx_"2)"q_x (g_.+h_.*x_) ,x_Symbol] :=
(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q+1)/((b“2—4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1))*
(g*C*(2*a*C*e—b*(C*d+a*f))+(g*b—a*h)*(2*c“2*d+b“2*f-C*(b*e+2*a*f))+
c*(g*(z*cAZ*d+bA2*f—c*(b*e+2*a*f))—h*(b*c*d—z*a*c*e+a*b*f))*x) +
1/((bA2—4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1))*
Int[ (a+bxx+C#x"2) ~ (p+1) » (d+exx+Fxx"2) Aqx
Simp[(b*h—z*g*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1)+
(bAZ*(g*f)—b*(h*c*d+g*c*e+a*h*f)+2*(g*c*(c*d—a*f)—a*(—h*c*e)))*(a*f*(p+1)—c*d*(p+2))—
e*((g*c)*(z*a*c*e—b*(c*d+a*f))+(g*b—a*h)*(z*cAz*d+bA2*f—c*(b*e+2*a*f)))*(p+q+2)—
(2*f*((g*c)*(Z*a*C*e-b*(C*d+a*f))+(g*b-a*h)*(2*cA2*d+bA2*f—C*(b*e+2*a*f)))*(p+q+2)—
(bAZ*g*f—b*(h*c*d+g*c*e+a*h*f)+2*(g*c*(c*d—a*f)—a*(—h*c*e)))*
(b*f*(p+1)—C*e*(Z*p+q+4)))*x—
c*f*(bAz*(g*f)-b*(h*c*d+g*C*e+a*h*f)+2*(g*C*(C*d-a*f)+a*h*C*e))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,b,c,d,e,f,g,h,q},x]| && NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdxf,0] && LtQ[p,-1] &&
NeQ[ (cxd-a#f)~2- (bxd-axe) » (cxe-bxf),0] && Not[Not[IntegerQ[p]] & ILtQ[q,-1]]

Int[ (a_+C_.*Xx_"2)"p_x (d_+e_.*x_+F_.*Xx_"2)"q_x (g_.+h_.*x_),x_Symbol] :=
(a+c*x“2)“(p+1)*(d+e*x+f*x“2)“(q+1)/((—4*a*c)*(a*c*e“2+(c*d—a*f)“Z)*(p+1))*
(g*c*(2*a*C*e)+(—a*h)*(Z*CAZ*d—C*(Z*a*f))+
c*(g*(z*cAz*d—c*(2*a*f))—h*(—2*a*c*e))*x) +
1/((—4*a*c)*(a*c*eA2+(c*d—a*f)ﬂz)*(p+1))*
Int[ (a+C*x2) " (p+1) * (d+exx+F*x"2) ~q
Simp[(-z*g*c)*((c*d—a*f)AZ—(—a*e)*(c*e))*(p+1)+
(2*(g*c*(c*d—a*f)—a*(—h*c*e)))*(a*f*(p+1)—c*d*(p+2))—
E*((g*c)*(Z*a*C*e)+(—a*h)*(Z*cAz*d—C*(+2*a*f)))*(p+q+2)—
(z*f*((g*c)*(Z*a*C*e)+(—a*h)*(2*c“2*d+-C*(+2*a*f)))*(p+q+2)—(2*(g*C*(C*d—a*f)—a*(-h*C*e)))*(-c*e*(z*p+q+4)))*x-
c*f*(z*(g*c*(c*d—a*f)—a*(—h*c*e)))*(2*p+2*q+5)*xA2,x],x]/;
FreeQ[{a,c,d,e,f,g,h,q},x] & NeQ[e~2-4xd«f,0] & LtQ[p,-1] & NeQ[axcxe”2+(cxd-axf)~2,0] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

Int[ (a_+b_.*X_+C_.*x_"2)"p_ (d_+f_.*x_"2)~q_x (g_.+h_.+x_),x_Symbol] :=
(a+b*x+c*xA2)A(p+1)*(d+f*xA2)A(q+1)/((b“2—4*a*c)*(bAz*d*f+(c*d—a*f)Az)*(p+1))*
((g*c)*(-b*(c*d+a*f))+(g*b—a*h)*(2*c“2*d+b“2*f—C*(Z*a*f))+
c*(g*(z*cAZ*d+bA2*f—c*(Z*a*f))—h*(b*c*d+a*b*f))*x) +
1/((bA2—4*a*c)*(bAZ*d*f+(c*d—a*f)Az)*(p+1))*
Int[ (a+bxx+C*Xx"2) ~ (p+1)  (d+F*x"2) ~q«
Simp[(b*h—z*g*c)*((c*d—a*f)AZ—(b*d)*(—b*f))*(p+1)+
(bAZ*(g*f)—b*(h*c*d+a*h*f)+2*(g*c*(c*d—a*f)))*(a*f*(p+1)—c*d*(p+2))—
(Z*f*((g*c)*(—b*(c*d+a*f))+(g*b—a*h)*(2*c“2*d+b“2*f—c*(2*a*f)))*(p+q+2)—
(bAZ*(g*f)—b*(h*C*d+a*h*f)+2*(g*c*(c*d—a*f)))*
(b*f*(p+1)))*x—
c*f*(bAz*(g*f)—b*(h*c*d+a*h*f)+2*(g*c*(c*d—a*f)))*(2*p+2*q+5)*xA2,x],x]/;

FreeQ[{a,b,c,d,f,g,h,q},x] & NeQ[b*2-4xaxc,0] & LtQ[p,-1] & NeQ[b"2xd«f+(cxd-axf)~2,0] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

4: J‘(a+bx+cx2)p(d+ex+1:x2)':I (g+hx) dx whenb?-4ac#0 A e?-4df#0 Ap>O Ap+q+1#0 A2p+2q+3+0

Derivation: Nondegenerate biquadratic recurrence 2

Rule1.2.1.66.4:1f b2-4ac+0 Ae’-4df+0Ap>0Ap+q+1+£0 A2p+2q+3+0,then

j(a+bx+cx2)p (d+ex+'f:xz)q (g+hx) dx —

(hcf(2p+2q+3)) (a+bx+cx?)P (d+ex+-Fx2)q+1

2cf2 (p+q+1) (2p+2q+3)

= J‘(a+bx+cx2)p'1 (d+ex+fx?)%.

2f (p+q+1)

(h(bd-ae)p+a(he-2gf) (p+q+1)+ (2h(cd-af)p+b(he-2gf) (p+q+1))x+ (h(ce-bf)p+c(he-2gf) (p+q+1))x*)dx

Program code:

Int [ (a_+b_.*X_+C_.*¥Xx_"2)"p_=* (d_+e_. *X_+F_. *x_"2) Aq_*(g_.+h_.*x_) ,x_Symbol] g=
hx (a+bxx+C*x"2) Apx (d+exx+fxx"2) 2 (q+1) / (2+F* (p+q+1)) -
(1/(2*'F* (p+q+1) ) ) *
Int [ (a+bxXx+Ccxx*2) A (p-1) * (d+e*x+f*x"2) AgQ*
Simp [h*p* (bxd-axe) +ax (h*e—Z*g*'F) * (p+q+1) +

(2*h*p* (C*d—a*f) +b#* (h*e—Z*g*f) * (p+q+1) ) *X+
(h*p* (C*e—b*f) +C* (h*e—2*g*f) * (p+q+1) ) *X"Z,X] ,X] /5

FreeQ[{a,b,c,d,e,f,g,h,q},x| && NeQ[b*2-4xaxc,0] 8&& NeQ[e”2-4xd«f,0] && GtQ[p,0] & NeQ[p+q+1,0]

Int [ (a_+C_.*X_"2)"p_=* (d_+e_. *X_+f_. *x_"2) Aq_*(g_.+h_.*x_) ,X_Symbol] S
h* (a+Cc*x*2) *p* (d+e*x+f*x"2) n (q+1)/(2*f* (p+q+1) ) +
(1/(2*'F* (p+q+1) ) ) *
Int [ (a+Cxx"2) A (p-1) * (d+e*x+f*x"2) AQ*
Simp [a*h*e*p—a* (h*e—Z*g*'F) * (p+q+1) -2xhxp=* (c*d—a*-F) *X— (h*c*e*p+c* (h*e—Z*g*f) * (p+q+1) ) *X"Z,X] ,X] /3
FreeQ[{a,c,d,e,f,g,h,q},x] & NeQ[e~2-4xd+f,0] & GtQ[p,0] && NeQ[p+q+1,0]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

Int[ (a_+b_.*X_+C_.*x_"2)"p_ (d_+f_.*x_"2)~q_x (g_.+h_.+x_),x_Symbol] :=
hx (a+bxX+C*xXx"2) *p* (d+'F*x"2) 2 (q+1)/(2*f* (p+q+1) ) -
(1/ (2%F (p+q+1)))
Int [ (a+bxx+c*x”2)~ (p-1) * (d+f*x"2) ~gq*
Simp [h*p* (bxd) +ax (—2*g*‘F) * (p+q+1) +
(Z*h*p* (C*d-a*f) +b* (-Z*g*f) * (p+q+1) ) *X+
(h*p* (—b*‘F) +C* (—Z*g*f) * (p+q+1) ) *X"Z,X] ,X] /3
FreeQ[{a,b,c,d,f,g,h,q},x] && NeQ[b"2-4xaxc,0] & GtQ[p,0] && NeQ[p+q+1,0]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

g+hx
5: J dx whenb?-4ac#0 A e?2-4df+0 A c2d’-bcde+ace?+b?df-2acdf-abef+a?f2+0
(a+bx+cx?) (d+ex+fx?)

Derivation: Algebraic expansion

Basis:Letq = c?d®’-bcde+ace?+b>df-2acdf-abef+a?f?then T
gc’d-gbce+tahce+gb?f-abhf-agcf+c (hcd-gcergbf-ahf) x n 1
q (a+b x+c x?) q (d+e x+f x?)

(-hcde+gce’+bhdf-gcdf-gbef+agf?-f (hcd-gce+gbf-ahf) x|

Rule1.2.1.6.6.5:1f b2-4ac+0 A e?-4df +0,let
g=c?d’-bcde+ace?+b?df-2acdf-abef+a?f?if g+ 0,then

g+hx
Jﬂ dx —
(a+bx+cx2) (d+ex+-Fx2)

1J-gczd—gbce+ahce+gb2f—abhf—agcf+c (hcd-gce+gbf-ahf)x
- dx +

q a+bx+cx?

1J-—hcde+gce2+bhdf—gcdf—gbef+agf2—f(hcd—gce+gbf—ahf)x

dx

q d+ex+fx?

Program code:

Int [ (g_. +h_.*x_)/( (a_+b_.*X_+C_.*¥X_"2) * (d_+e_.*x_+'F_. *x_"2) ) ,x_Symbol] &=
with[{q:Simplify[cAZ*dAZ-b*c*d*e+a*C*eA2+b“2*d*f—2*a*c*d*f—a*b*e*f+aA2*fA2]},
1/q*Int [Simp [g*c"Z*d—g*b*C*e+a*h*c*e+g*b"2*f—a*b*h*f—a*g*c*f+c* (h*c*d—g*c*e+g*b*f—a*h*f) *x,x]/(a+b*x+c*x"2) ,X] +
1/q*Int [Simp [—h*c*d*e+g*c*e"2+b*h*d*f—g*c*d*f—g*b*e*f+a*g*f"2—f* (h*c*d—g*c*e+g*b*f—a*h*f) *x,x]/(d+e*x+f*x"2) ,x] /3
NeQ[q,@]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4xaxc,0] & NeQ[e 2-4xd+f,0]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

Int[(g_.+h_.#x_)/((a_+b_.*x_+c_.*x_"2) » (d_+f_.+x_"2)),x_Symbol] :=
With [{q=Simp1:i.fy[c"2*d"2+b"2*d*f—2*a*c*d*f+a"2*f"2] },
1/q*Int [Simp [g*c"Z*d+g*b"2*f-a*b*h*'F—a*g*C*'F+C* (h*C*d+g*b*'F-a*h*'F) *x,x]/(a+b*x+C*x"2) ,X] +
1/q*Int [Simp [b*h*d*f—g*C*d*f+a*g*f"2—f* (h*C*d+g*b*f—a*h*'F) *x,x]/(d+f*x"2) ,x] /5
NeQ[q,0]] /;
FreeQ[{a,b,c,d,f,g,h},x] & NeQ[b"2-4xaxc,0]

g+hx
G'J dx whenb?-4ac#0 A e?>-4df#0
(a+bx+cx?) Vd+ex+ £ x?
g+hx
1.J dx when b>-4ac+0 A e?-4df#0 A ce-bf=0

(a+bx+cx?) Vd+ex+ £x?

g+hx
1: dx whenb?-4ac#0 A e*-4df#0 Ace-bf=0 Ahe-2gf=0

a+bx+cx?) Vd+ex+fx?

Derivation: Integration by substitution
Basis:If ce-bf =0 A he-2gf ==0,then

g+h x o 1 2 2
(a+b x+cx?) +/dre x+fx2 = ~2g>subst bdaebx? X3 \/d+ex+fx }@X\/d’LeXTL'FX

Rule1.2.1.6.6.6.1.1:1f b>-4ac+0 AN e’ -4df+0 Ace-bf=0 A he-2gf = 0,then

g+hx 1 -
dx — —2gSubst[J—2 dx, X, m]
(a+bx+cx?) Vd+ex+fx? bd-ae-bx

Program code:

Int[(g_+h_.*x_)/((a_+b_.*x_+c_.*x_"2) +Sqrt[d_.+e_.+x_+f_.*x_"2]),x_Symbol] :=
-2xg*Subst [Int [1/ (bxd-axe-bxx"2) ,x],X,Sqrt [d+e*x+f*x"2] ] /8
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && EqQ[cxe-b+f,0] & EqQ[hxe-2xgxf,0]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q 20

g+hx
2: dx whenb?-4ac#0 A e*-4df#0 Ace-bf==0Ahe-2gf+0

a+bx+cx?) Vd+ex+fx?

Derivation: Algebraic expansion

Basis:g + h x == _hegigf N h(ezifx)
 Rule1.2.1.6.6.6.1.2: If b2-4ac+@0rne’-4df+r0@Arce-bf==0Ahe-2gf+0,then

g+hx he-2gf 1 h e+2fx
dx — - dx + — dx
(a+bx+cx2)\/d+ex+-Fx2 2f (a+bx+cx2)\/d+ex+-Fx2 2f (a+bx+cx2)\/d+ex+-Fx2

Program code:

Int[(g_.+h_.#x_)/((a_+b_.*x_+c_.*x_"2) xSqrt[d_.+e_.*x_+f_.»x_~2]),x_Symbol] :=
- (h*e—2*g*f)/(2*f) *Int [1/( (a+bxx+cxx"2) xSqrt [d+e*x+‘F*x"2] ) ,x] +
h/(Z*f)*Int[(e+2*f*x)/((a+b*x+c*x“2)*Sqrt[d+e*x+f*xA2]),x] /5

FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4+axc,0] & NeQ[e~2-4xd+f,0] && EqQ[cxe-bxf,0] & NeQ[hxe-2xgxf,0]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

g+hx
Z.J dx when b2-4ac#0 A e?-4df#0 Abd-ae==0

(a+bx+cx?) Vd+ex+ fx?

X
1:J dx whenb?-4ac#0 A e>-4df#0 Abd-ae=0

(a+bx+cx2)\/d+ex+1=x2

Derivation: Integration by substitution

e+ e2-4df ]x e+ e?-4df ]x
. . v ) v
Basis:If bd - a e == 0, then E == -2 eSubst| —— 1"”‘; — — s %, i ] g ——1
(a+bx+cx?) \ d+e x+f x2 ce-bf-e (2cd-bes2af) xT+d” (ce-bf) x  d+e x+f x? A d+e x+f x2

Alternate basis: If bd - a e == 9, then

(a+b x+cx?) \ d+e x+f x?

Rule1.2.1.6.6.6.2.1:1f b>-4ac+0 A e?-4df+0 A bd-ae =0,then

1+

X 1-dx? 24
dx — —2eSubst[J dx, X, —]
(a+bx+cxz)'\/d+ex+fxz ce—bf—e(ch—be+2af)x2+d2(ce—bf)x“ Vdrexs+ fx2

Program code:

Int [x_/( (a_+b_.*Xx_+c_.*Xx_"2) *Sqrt [d_+e_.*x_+f_.*x_"2] ) ,x_Symbol] S
-2xexSubst [Int [ (1—d*x’\2)/(c*e—b*f-e* (2*c*d—b*e+2*a*f) *X"2+d"2 % (c*e—b*f) *x"4) ,x] X,
(1+ (e+sart[er2-4«d«f]) «x/ (2+d) ) /Sqrt [d+exx+f*x"2]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b*2-4xaxc,0] 8&& NeQ[e~2-4xdxf,0] & EqQ[bxd-axe,0]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

g+hx
2: dx whenb?-4ac#0 A e*-4df#0 Abd-ae=0 A 2hd-ge=0

a+bx+cx?) Vd+ex+fx?

Derivation: Integration by substitution

Basis:If bd-ae==0 A 2hd-ge = 0,then S =: g Subst [ —2 x X ] g —=

(a+bx+cx?) \/ d+e x+f X2 as(cd-af)x2” 77 \/d+ex+-FxZ x\/d+ex+fx2
Rule1.2.1.6.6.6.2.2:1f b>-4ac+0 A e’-4df+0 Abd-ae=0 A 2hd-ge == 0,then

g+hx 1 X
J\ dx — gSubst[J— dx, X, —]
(a+bx+cx2)\/d+ex+-Fx2 a+(cd—a-F)x2 Vd+ex+fx?

Program code:

Int [ (g_+h_.*x_)/( (a_+b_.*x_+c_.*Xx_"2) *Sqrt [d_+e_.*x_+f_.*x_"2] ) ,x_Symbol] 8=
gxSubst [Int[1/(a+ (cxd-axf)«x*2),x],x,x/Sqrt [d+exx+f+x 2]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] & EqQ[bxd-axe,0] & EqQ[2xhxd-gxe,0]
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Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q 23

g+hx
3: dx whenb?-4ac#0 A e*’-4df#0 Abd-ae=0 A2hd-ge+0

a+bx+cx?) Vd+ex+fx?

Derivation: Algebraic expansion

Basis:g + hx == - Zhifge , h(2d+ex)

e

Rule1.2.1.6.6.6.2.3:If b>-4ac+0 A e’-4df+0 Abd-ae=0 A 2hd-ge # 0,then

g+hx 2hd-ge 1 h 2d+ex
dx — - dx + — dx
(a+bx+cx2)\/d+ex+-Fx2 € (a+bx+cx2)\/d+ex+1:x2 € (a+bx+cx2)\/d+ex+fx2

Program code:

Int[(g_+h_.*x_)/((a_+b_.*x_+c_.*x_"2) +Sqrt[d_+e_.+x_+f_.+x_"2]),x_Symbol] :=
- (2xhxd-gxe) /exInt [1/( (a+b*x+c*x"2) *Sqrt [d+e*x+f*x"2] ) ,x] +
h/exInt[ (2+d+exx) /( (a+bsx+cxx"2) xSqrt[d+esx+fxx 2]),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4+axc,0] & NeQ[e~2-4xd+f,0] & EqQ[bxd-axe,0] & NeQ[2+hxd-gxe,0]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

g+hx
3: dx whenb?>-4ac#0 A e?-4df#0 Abd-ae#0 A h’> (bd-ae) -2gh (cd-af)+g?(ce-bf) =

(a+bx+cx?) Vd+ex+fx?

Derivation: Integration by substitution

Basis:If h2 (bd-ae) -2gh (cd-af) +g2 (ce-bf) =0,

then
g+h x o

<a+b X+C x2> Vdrex+fx2

72g (gbfZah) Subst : 1 -, X, gb-2ah-(bh-2gc) x @ngfzahf(bhfzgc)x
g (gb-2ah) (b*-4ac)-(bd-ae) x Vdre x+f x2 Vdrexifx2

Rule 1.2.1.6.6.6.3: If
b2-4ac+0 Ane’*-4df+0Abd-ae+0 Ah?(bd-ae)-2gh(cd-af) +g?> (ce-bf) ==0,then

g+hx 1 gb-2ah-(bh-2gc) x
dx — -2g(gb-2ah) Subst[j dx, X, ]
(a+bx+cx?) Vd+ex+fx? g (gb-2ah) (b2-4ac)—(bd—ae)x2 Vd+ex+fx2

Program code:

Int[(g_.+h_.#x_)/((a_.+b_.#x_+c_.*x_"2) +Sqrt[d_.+e_.+x_+f_.xx_"2]),x_Symbol] :=
-2xgx (gxb-2xaxh) »
Subst [Int[1/Simp[g+ (gxb-2+axh)  (b*2-4xaxc) - (bxd-axe) xx*2,X],X],X,Simp [gxb-2+axh- (bxh-24gxc) +X,X] /Sqrt [d+exx+fxx"2]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && NeQ[bxd-axe,0] &&
EqQ[h"Z* (bxd-axe) -2xgxhx (c*d—a*f) +8" 2% (c*e—b*'F) ,0]

Int [ (g_+h_. *x_)/( (a_+c_.*x_"2)*Sqrt [d_. +e_.*x_+'F_.*x_"2] ) ,X_Symbol] S=
-2+axgxh«Subst[Int[1/Simp[2+a”2xgxhxcraxexx 2,X],x],X,Simp[axh-gxc*x,X] /Sqrt [d+esx+fsx 2]] /;
FreeQ[{a,c,d,e,f,g,h},x] & EqQ[axh"2xe+2xgxh« (cxd-a*f)-gr2xcxe,0]

Int[(g_+h_.*x_)/((a_.+b_.*x_+c_.*x_"2) xSqrt[d_+f_.*x_"2]),x_Symbol] :=
-2xg* (gxb-2xaxh) xSubst [Int [l/Simp[g* (gxb-2xaxh) x (b*2-4xaxc) -bxd*xx"2,x] ,x] sX,Simp [gxb-2xaxh- (bxh-2xgxC) *x,x]/Sqr‘t [d+'F*x"2] ] /3
FreeQ[{a,b,c,d,f,g,h},x] & NeQ[b"2-4xaxc,0] & EqQ[bxh"2+d-2xgxhx (cxd-a*f)-g2«b«f,0]
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hx
4.J CA dx whenb?-4ac#@ A e*-4df#0 A h*> (bd-ae) -2gh (cd-af) +g> (ce-bf) 0

(a+bx+cx?) Vd+ex+ fx?

g+hx
1: dx whenb?-4ac#0 A e>-4df#0 Ab%2-4ac>0

a+bx+cx2)\/d+ex+-Fx2

Derivation: Algebraic expansion

i _ </ h2 _ g+h x __ 2cg-h (b-q) 1 _2cg-h (b+q) 1
Basis: Letq = \/b" -4 ac,then atbx+cx? q (b-gq+2 c x) q (b+g+2 ¢ x)

Rule1.2.1.6.6.6.4.1:1f b2-4ac+0 Ae’-4df+0 Ab>-4ac>0,letq=+/b*>-4ac,then

h x
J £+ dx —
(a+bx+cx?) Vd+ex+fx?
2cg—h(b—q)j 1 a 2cg—h(b+q)J~ 1

- d
q (b-gq+2cx) Vd+ex+fx? q (b+gq+2cx) Vd+ex+fx?

X

Program code:

Int[(g_.+h_.#x_)/((a_+b_.*x_+c_.*x_"2) +Sqrt[d_.+e_.*x_+f_.*x_"2]),x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
(2xcxg-hx (b-q) ) /q*Int [1/( (b-q+2xcxx) *Sqrt [d+e*x+'F*x"2] ) ,x] -
(2xcxg-hx (b+q) ) /q+Int[1/( (b+q+2xcxx) +Sqrt [d+esx+f+x~2]),x]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && PosQ[b"2-4xaxc]

Int[(g_.+h_.#x_)/((a_+c_.*x_"2) +Sqrt[d_.+e_.+x_+f_.*x_"2]),x_Symbol] :=
With[{q=Rt[-axc,2]},
(h/2+cxg/ (2%q) ) *Int[1/( (-q+c*x) xSqrt[d+esx+Fxxr2]),x] +
(h/2-cxg/ (2xq) ) *Int[1/( (q+cxx) xSqrt [d+exx+Fxx 2]),x]] /;
FreeQ[{a,c,d,e,f,g,h},x] & NeQ[e"2-4xd+f,0] && PosQ[-axc]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q

Int[(g_.+h_.*x_)/((a_+b_.*x_+c_.*x_"2)+Sqrt[d_+f_.+x_"2]),x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
(2xcxg-hx (b-q) ) /q+Int[1/( (b-q+2xcxx) #Sqrt [d+fsx~2]),x] -
(2xcxg-h* (b+q) ) /q*Int [1/( (b+q+2xcxx) xSqrt [d+f*x~2]),x]] /;
FreeQ[{a,b,c,d,f,g,h},x] & NeQ[b"2-4xaxc,0] && PosQ[b*2-4xaxc]
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g+hx
2: dx whenb?-4ac#0 A e?-4df#0 Ab’>-4ac30 Abd-ae#0

a+bx+cx?) Vd+ex+fx?

Derivation: Algebraic expansion

(b (ce-bf)-2c (cd-af))?-4c? ((cd-af)?-(bd-ae) (ce-bf))

Note: If b2 -4 ac = ) < @, then
(ce-bf)

(cd-af)?- (bd-ae) (ce-bf) > e (noted by Martin Welz on sci.math.symbolic on 24 May 2015).
Note: Resulting integrands are of the form gehx where

(a+b X+C xz) A/ d+e x+f x?
h? (bd-ae)-2gh (cd-af) +g2 (ce-bf) =0.
Rule1.2.1.6.6.6.4.2:1f b>-4ac+0 Ae’-4df+0 Ab>-4acrO Abd-ae+0,let
q:\/(cd—af)z— (bd-ae) (ce-bFf) ,then

J g+hx dx

(a+bx+cx2)\/d+ex+1=x2
1 h(bd-ae)-g(cd-af-q)-(g(ce-bf)-h(cd-af+q))x g —ijh (bd-ae)-g(cd-af+q)-(g(ce-bf)-h(cd-af-q))x
24 (a+bx+cx2)‘\/d+ex+-Fx2 2q (a+bx+cx2)‘\/d+ex+1:x2

Program code:

Int [ (g_. +h_.*x_)/( (a_.+b_.*x_+c_.*x_"2) xSqrt [d_. +e_.*x_+'F_.*x_"2] ) ,x_Symbol] 5=
With [{q:Rt [ (C*d—a*f) A2- (bxd-axe) % (C*e—b*f) ,2] },
1/ (2#q) *Int[Simp[hx (bxd-axe) -g« (cxd-axf-q) - (g (cxe-bxf) -hx (cxd-axf+q)) *x,x]/( (a+bxx+c#x"2) xSqrt [d+exx+f*x"2]),x]| -
1/ (2xq) *Int [Simp [h* (bxd-axe) -g* (c*d—a*f+q) - (g* (c*e—b*f) -hx (c*d—a*f—q) ) *x,x]/( (a+bxx+cxx"2) xSqrt [d+e*x+f*x"2] ) ,x] ] /3
FreeQ[{a,b,c,d,e,f,g,h},x]| & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && NeQ[bxd-axe,0] & NegQ[b"2-4xaxc]

dx
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Int[(g_.+h_.*x_)/((a_+c_.*x_"2) +Sqrt[d_.+e_.xx_+f_.*x_"2]),x_Symbol] :=
With[{q=Rt[ (cxd-a«f)~2+axcxe"2,2]},
1/ (2+q) +Int[Simp[-axhxe-gx (cxd-axf-q) + (hx (cxd-axf+q) -gxcxe) #x,x] /( (a+c*x 2) xSqrt [d+esx+fxx"2]),x]| -
1/ (2%q) »Int[Simp[-axhxe-gx (cxd-axf+q)+ (hx (cxd-axf-q) -gxcxe) *x,x]/( (a+cxx”2) #Sqrt[d+exx+fxx"2]),x]] /;
FreeQ[{a,c,d,e,f,g,h},x] & NeQ[e"2-4xd«f,0] & NegQ[-axc]

Int [ (g_.+h_. *x_)/( (a_.+b_.*x_+c_.#*x_"2) xSqrt [d_+f_. *x_"Z] ) ,X_Symbol] 8=
With[{q=Rt[ (cxd-a«f)~2+b"2+d+f,2]},
1/ (2%q) *Int [Simp [h*b*d—g* (c*d—a*f—q) + (h* (C*d—a*f+q) +g*b*‘F) *X,X]/( (a+bxx+cxx”2) xSqrt [d+‘F*X"2] ) ,X] -
1/ (2+q) *Int [Simp [h*b*d—g* (c*d—a*f+q) + (h* (c*d—a*f—q) +g*b*f) *X,X]/( (a+bxx+cxx”2) xSqrt [d+f*x"2] ) ,X] ] /5
FreeQ[{a,b,c,d,f,g,h},x] & NeQ[b"2-4+axc,0] & NegQ[b"2-4xaxc]
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g+hx
7:J dx whenb?-4ac#0 A e?-4df+0
Va+bx+cx? Vd+ex+Ffx?

Derivation: Piecewise constant extraction

Basis: Let s»VbZ-4ac, then 9, YPrs:2ex v2ar(bss)x . g
V a+b x+c x?

Rule1.2.1.6.6.7:1f b2-4ac+0 A e2-4df +0,lets-Vb-aac andt >~/ e?2-4df,then

+hx
J~ & dx —
Vatbx+cx2 Vdrex+Ffx2

Vb+s+2cx \/Za+(b+s)x Ve+t+2fx \/2d+(e+t)XJ- g+hx

Vatbx+cx2 Vdrex+fx2 Vbrs+2cx V2a+ (b+s)x Ve+t+2Ffx V2d+ (e+t) x

Program code:

Int[(g_.+h_.#x_)/(Sqrt[a_+b_.«x_+c_.*x_"2]*Sqrt[d_+e_.xx_+f_.*x_"2]),x_Symbol] :=
With[{s=Rt[b"2-4xaxc,2],t=Rt[er2-4xdxf,2]},
Sqrt[b+s+2*c*x]*5qrt[2*a+(b+s)*x]*Sqrt[e+t+2*f*x]*5qrt[2*d+(e+t)*x]/(Sqrt[a+b*x+c*xA2]*Sqrt[d+e*x+f*xA2])*

Int[ (g+h*x)/(Sqr't [b+S+2xCxX] *SQrt [2#a+ (b+s) #x] #Sqrt[e+t+2+f»x] xSqrt[2«d+ (e+t) #x]),x]] /;

FreeQ[{a,b,c,d,e,f,g,h},x]| & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0]

Int [ (g_. +h_.*x_)/(Sqr‘t [a_+b_.%*Xx_+C_.*Xx_"2]*Sqrt [d_+'F_.*x_"2] ) ,x_Symbol] S=
With[{s=Rt[b"2-4xaxc,2],t=Rt[-4xdxf,2]},
Sqrt[b+s+2xcxx]*Sqrt[2+a+ (b+s) *x] *Sqrt [t+2*‘F*X] *Sqrt [2*d+t*x]/(Sqrt [a+bxXx+CcxXx*2] xSqrt [d+'F*X"2] ) *
Int [ (g+h*x)/(Sqr‘t [b+s+2xcxx] *Sqrt[2+a+ (b+s) *x] *Sqrt [t+2*f*x] *Sqrt [2xd+txx] ) ,x] ] /3
FreeQ[{a,b,c,d,f,g,h},x] & NeQ[b"2-4+axc,0]

8 J‘ g+hx
' (a+bx+cx2)1/3 (d+ex+fx?)

dx whence-bf=0 A c?d-f (b*-3ac) =0 A c?’g’-bcgh-2b’h?+9ach?=

dx
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9ch?

+hx
g dx whence-bf=0 A c*d-f (b>-3ac)=0 A c’g’-bcgh-2b*h?+9ach’=0 A ~Zeewm? >

1:J-
(a+bx+cx2)1/3 (d+ex+fx2)

Derived from formula for this class of Goursat pseudo-elliptic integrands contributed by Martin Welz on 19 August

2016
" Rule1.2.1.6.68.1:If
ce-bf=0A Ac*’d-f(b>-3ac)=0Ac’g’-bcgh-2b*h*>+9ach?=0 A —#f‘;h)z>@,let

a~ %)”3, then

- (2cg-bh)?

g+hx g
X —
(a+bx+cx2)1/3 (d+ex+fx?)

22/3 1_3h(b«2cx) 2/3

1 2cg-bh
- - 3h (bs2cx) | 2/3 3h (bs2cx) \1/3
[1/7 w/?(hw)m thog[d+ex+-Fx2] 3th0g[(1— ch_bchx ) + 2173 (1+ 2cg—bchx ) ]

2cg-bh
+

£ 2f 2f

V'3 hqArcTan

Program code:

Int[(g_.+h_.#x_)/((a_.+b_.#x_+c_.*x_"2)~(1/3) % (d_.+e_.*x_+f_.xx_"2)),x_Symbol] :=
With[{q=(-9%cxh"2/ (2xcxg-bxh)~2)~(1/3)},
Sqgrt[3] xhxq*xArcTan[1/Sqrt[3]-27(2/3) * (1- (3xh* (b+2xc*X) ) / (2*xcxg-bxh) )~ (2/3) / (Sqrt[3] * (1+ (3xh* (b+2xcxXx) ) / (2xcxg-bxh) )" (1/3)) ]/'F +
hxqxLog [d+e*X+f*X"2]/(2*f) -
3xhxqxLog[ (1-3xh# (b+2xCxX) / (2xCxg-bxh) )~ (2/3) +27 (1/3) # (1+3xhx (b+2xCxX) / (2%Cxg-bxh) )~ (1/3) 1/ (2+F) ] /;

FreeQ[{a,b,c,d,e,f,g,h},x]| & EqQ[cxe-bxf,8] & EqQ[c"2xd-fx (b"2-3xaxc),0] & EqQ[C 2xg"2-bxCxgxh-2xb 2xh"2+9xaxcxh"2,0] &&
GtQ[-9xcxh*2/ (2xcxg-bxh)~2,0]



Rules for integrands of the form (g+h x)~"m (a+b x+c x"~2)"p (d+e x+f x"2)"q 31

9 g+hx
. J-(a+bx+cx2)1/3 (d+ex+fx2)

dx whence-bf=0 A c*d-f (b*-3ac) ==0Aczgz—bcgh—2b2h2+9ach2==0/\4a—i—2}0

Derivation: Piecewise constant extraction

. 2\\1/3
Basis: g, lalasbxecx®)) 7 g

(a+b x+c x?) /3
Rule 1.2.1.6.6.8.2: If
ce-bf=0Ac*d-f(b*-3ac)=0Ac’g’-bcgh-2b*h*+9ach?=0 A 4a—bc—2 + 0, let
q- —ﬁjlac,then

b 2111/3
j e dx — (@ (arbx+cx)) grhx dx

(a+bx+cx2)1/3(d+ex+fx2) (a+bx+cx2)1/3 (qa+qu+cqx2)1/3 (d+ex+fx?)

Program code:

Int[(g_.+h_.#x_)/((a_.+b_.#x_+c_.*x_"2)~(1/3) % (d_.+e_.*x_+f_.+x_"2)),x_Symbol] :=
With[{q=-c/ (b"2-4xaxc)},
(q* (a+bxx+C*x"2) ) A (1/3) / (a+bxx+Ccxx*2) ~ (1/3) +Int [ (g+hxx) / ( (qra+bxqex+cxqsx~2) " (1/3) » (d+exx+fxx"2)),x]|] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & EqQ[cxe-bxf,0] & EqQ[c 2xd-fx (b"2-3#axc),0] & EQQ[c 2xg"2-bxcxgxh-2xb"2+h"2+9xaxcxh"2,0] && Not[GtQ[4xa-I
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u: f(g+hx) (a+bx+cx2)p (d+ex+-Fx2)qd1x

Rule 1.2.1.6.6.X:

~J.(g+hx) (a+bx+cx?)? (d+ex+fx*)%dx — J.(g+hx) (a+bx+cx?)? (d+ex+fx*)%dx

Program code:
Int[(a_.+b_.#X_+C_.*X_"2)"p_x (d_.+e_.*x_+f_.*x_"2)"q_x (g_.+h_.*x_) ,x_Symbol] :=
Unintegrable [ (a+b*X+cxx"2) ~px (d+exx+f+x"2) Aqx (g+hxx) ,x] /;
FreeQ[{a,b,c,d,e,f,g,h,p,q},x]
Int [ (a_.+C_.*X_"2)"p_»* (d_. +e_.xx_+T_. *x_"2) Aq_*(g_.+h_.*x_) ,X_Symbol] =

Unintegrable [ (a+c*x"2) "px (d+exx+f*x"2) ~q* (g+h#x) ,x]| /;
FreeQ [ {a: c,d,e,f,g,h, p,q},x]

S: ~J.(g+hu)'“(a+bu+cu2)p (d+eu+fu?)%dx when u=g+hx

Derivation: Integration by substitution
Rule 1.2.1.6.S: If u == g + h x, then

1
J(g+hu)“‘ (a+bu+cu?)? (dreu+fu’)¥dx — ;Subst[f(g+hx)m (a+bx+cx?)? (d+ex+fx?*)Tdx, x, u]

Program code:

Int[(g_.+h_.#u_) m_.%(a_.+b_.*u_+C_.*u_"2)"p_.x(d_.+e_.*u_+f_.»u_"2)~q_.,x_Symbol] :=
1/Coe-F-Ficient[u,x,1]*Subst[Int[(g+h*x) Ak (a+bxX+CxX 2) "px (d+exx+Fxx12) Aq,x],x,u] /;
FreeQ[{a,b,c,d,e,f,g,h,m,p,q},x] & LinearQ[u,x] && NeQ[u,X]
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Int[(g_.+h_.*u_) m_.x(a_.+C_.*u_"2)"p_.x(d_.+e_.xu_+f_.xu_2)"q_.,x_Symbol] :=
1/Coefficient [u,x,1] +Subst [Int[ (g+h#X) "mx (a+C*x"2) ~px (d+exx+F*x"2) ~q,x],x,u] /;
FreeQ[{a,c,d,e,f,g,h,m,p,q},x] && LinearQ[u,x] && NeQ[u,X]

33



